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Interesting recent work, much of it summarized in Sally’s book [6], has 
been concerned with the number of generators needed for ideals in a 
commutative noetherian local ring R with maximal ideal m. If dim R < 1, 
then there is a fixed bound n, valid for all ideals, on the number of 
generators needed. If dim R > 1, no such bound exists [6, Theorem 1.2, p. 
5 11. The most restrictive case, when n = 1 and R is a principal ideal ring, is 
characterized by several well-known equivalent conditions, namely, that m is 
a principal ideal, that each proper ideal of R is a power of m, that the lattice 
of ideals of R is a chain and that the lattice of ideals of R is distributive. (See 
[3, pp. 76-771 and [l, Theorem 1, p. 2241). 
We shall show that all but one of these conditions generalize to match the 
case when each ideal of R can be generated by n elements. The remaining 
condition, that m is a principal ideal, does not generalize so directly (unless 
R happens to be a one-dimensional Cohen-Macaulay ring). Certainly each 
ideal of R can be generated by two elements if and only if m and m2 can 
each be so generated. But even when each power of m can be generated by 
three elements, R may have an ideal which needs more than three generators. 
(There is an example with m3 = 0.) To get round this difficulty we proceed 
more indirectly. First we use Nakayama’s Lemma to translate the condition 
that m is a principal ideal into “R/m2 is a principal ideal ring.” Then we 
generalize, asserting that each ideal of R can be generated by n elements if 
and only if the same is true for each ideal of R/m”+‘. 
Throughout this paper local rings are taken to be commutative and 
noetherian. When R = (R, m) is a local ring, M is an R-module and Z is an 
ideal of R, we shall use m, 1(M) and v(Z) to denote the maximal ideal of R, 
the length of M and the number of generators in a minimal basis for I. 
Our main results can be summarized in the following theorem. 
THEOREM 1. Let (R, m) be a local ring and n be a positive integer. Then 
the following conditions are equivalent: 
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(1) Each ideal of R can be generated by n elements. 
(2) VZO,ZI,‘.., I, are ideals of R, then Ii E Cj+i Zj for some integer i 
such that 0 < i < n. 
(3) 0-L I,, ZI,..., I, are ideals of R, then 
(4) Zf Z is a proper ideal of R, then either Z can be generated by 
(n - 1) elements or Z is the sum of a power of m and an ideal which can be 
generated by (n - 1) elements. 
(5) Each ideal of R/m”’ ’ can be generated by n elements. 
Zf n < 2, then each of these conditions is equivalent to 
(6) m’ can be generated by n elements for all integers i such that 
l<i<n. 
Zf R is a one-dimensional Cohen-Macaulay ring (with no restriction on n), 
then each of the six conditions above is equivalent to 
(7) m” can be generated by n elements. 
In order to prove Theorem 1 we need two lemmas. 
LEMMA 1. Let (R, m) be a local ring, k be a positive integer and let bars 
denote images under the natural map R -+ R/mkt ’ = l?. 
(i) Let J be an ideal of R such that J n mk+ ’ c ml. Then elements 
a, ,..., a,, E J form a minimal basis for J tf and only if a, ,..., a, is a minimal 
basis for 1 Moreover any minimal basis for J can be extended to a minimal 
basis for J + mk. 
(ii) Zf Z is any ideal of R, then v(Z + mk) = v(f+ iiik). 
Proof The first part of (i) is elementary. For the second part of (i), note 
that 
and use [6, Proposition 1.1, p. 291. Putting J = Z t mk in (i) gives (ii). 
LEMMA 2. Let Z be an ideal of a local ring (R, m) and k be a positive 
integer. If mk+’ = ymk for some y E R, then v(Z) < v(Z + m”). 
Proof. Use bars to denote images under the natural map 
R+R/m ‘+l=R. Let ti i ,..., E, be a minimal basis for j and 6, ,..., sS be a 
minimal basis for In iiik. It is easy to check that the 6;s can be extended to 
a minimal basis b, ,..., iS, ~5, ,..., Ft for iiik and that 5, ,..., ri,, Ci ,..., 15~ is a 
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minimal basis for I+ iirk. NOW lift each di to ai E Z, each 6i to 
bi E (a* )**a) ,) and each Ci to ci E mk. Then 
mk = (b, ,..., b,, c, ,..., c,) 
and Z + mkf' = (a, ,..., a,) +ymk = (a, ,..., a,,yci ,,.., yc,). Thus v(Z + mkt ') 
< Y + t = I@+ tirk). Using Lemma 1, we get v(Z + mkf ‘) < v(Z + mk) and, 
by induction, v(Z + m') < v(Z + mk) for all i > k. Now the proof of 
[4, Theorem 31 shows that v(Z) ,< v(Z + m') for all large i. Hence v(Z) < 
v(Z+ mk). 
Lemmas 1 and 2 yield the following 
COROLLARY. Let (R, m) be a local ring and k and n be positive integers. 
Zf each ideal of R/mktl can be generated by n elements and mk+ ’ = ymk for 
some y E R, then each ideal of R can be generated by n elements. 
Proof of Theorem 1. Trivially (1) G- (2) and (2) 3 (3). 
(3)* (4): Suppose that (3) holds and that Z is a proper ideal of R such 
that v(Z) > n. By the Artin-Rees Lemma, there is an integer k such that 
In mk s& ml and In mktl G ml. Take a, E (Zn mk)\mL Clearly a, can be 
included in a minimal basis a,, a, ,..., a, for Z and (by Lemma 1) this can be 
extended to a minimal basis a,, a, ,..., a, ,..., a, for Z + mk. By hypothesis 
t>s>n-1. 
Ift#n-l,wemayletJ=(a,+a,+~~~+a,)andZi=(ai)forO~i~n. 
From (3), there exist bi E Jn Cj+i Zj such that 
a,+a, +*a* +a,=b,+b,+...+b,. (i) 
Since bi E J, there exist ri E R such that 
bi = (a0 + a, + .a. + a,) ri. (ii) 
If ri is a unit for some i, then 
contradicting the fact that a,, a, ,..., a, is part of a minimal basis for Z + mk. 
On the other hand, if all the ri)s are non-units, then 1 - r,, - ri - . . . - r, is a 
unit and, from (i) and (ii), a, + a, + a.. + u, = 0, which again is impossible. 
Thus t = s = n - 1. This forces Z = Z + mk = (a,, a, ,..., a,- 1), whence 
z = (a, )...) a,-,) + mk and (3) * (4). 
(4) * (5): If (4) holds and Z is any proper ideal of R such that v(Z) > n, 
then there is an integer k > 1 and an ideal J of R such that v(J) < n and 
Z=J+mk. (iii) 
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Now mk !$ ml, for otherwise (iii) and Nakayama’s Lemma would give Z = J 
with v(Z) > n and v(J) < n. It follows that there is an element a, E mk\mZ 
and, since mk c Z, a, can be included in a minimal basis for I. 
Suppose that v(Z) > n. Then there exist a, ,..., a, such that a,, a, ,..., a, is 
part of a minimal basis for I. Let I, = (a, ,..., a,). Then v(Z,) = n and 
I, = Jo + mko 
for some integer k, and some ideal J,, of R such that v(.Z,) < n. Now a, & I,, 
so that a,,@ mko. Since a, E mk, we have mkOG mkf’, Applying to I,, the 
argument used above for Z, we see that there is an element a,, E mko which 
can be included in a minimal basis for I,,. Clearly a,, could be included in a 
minimal basis for Z, contradicting a,, E mko c mk+ ’ G ml. 
Thus v(Z) = n. Each ideal of R and, hence, each ideal of R/m”+’ can be 
generated by n elements. This establishes (4) + (5). 
(5) 3 (1): Let Z be any ideal of R and consider the ring R(X) = 
R wnR,x, which has maximal ideal M = mR(X) and an infinite residue field. 
(See [.5, pp. 18, 19, 64, 651 and [6, p. 10.1) We have v(Z) = v(ZR(X)) and, 
using (5), 
v(W) = v(m"R(X)) = v(m") = l(m"/mni') < n. 
Eakin and Sathaye’s theorem ([2, p. 4401 and [6, Theorem 2.3, p. 361) shows 
that M”+’ - J&Z” for some y E R(X). Applying Lemma 2, we get 
v(Z) = v(ZR(X)) < v(ZR(X) +M”) = v{(Z+ m")R(X)} = v(Z+ m"), 
whence v(Z) < n, from the last part of Lemma 1 together with (5). Thus 
(5)=+ (1). 
In all cases (1) + (6) + (7). It is easy to check that when n < 2, (6) 3 (5). 
When R is a one-dimensional Cohen-Macaulay ring, (7) z- (1) by 
[4, Corollary, p. 474, and Theorem 31. This completes the proof. 
Some of the results in Theorem 1 remain valid in non-commutative 
situations. For example, if R is a right-noetherian ring with Jacobson radical 
m such that R/m is a skew field and 0 m' = 0 (taken over all integers i > I), 
then conditions (1) to (3) remain equivalent when we replace “ideal(s)” by 
“right ideal(s).” 
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